QUASI-ISOLATED ELEMENTS IN REDUCTIVE GROUPS 



CEDRIC BONNAFE 

Abstract. A semisimple element s of a connected reductive group G is said quasi-isolated (respectively 
isolated) if Co (s) (respectively Cq (s)) is not contained in a Levi subgroup of a proper parabolic subgroup 
of G. We study properties of quasi-isolated semisimple elements and give a classification in terms of the 
afiine Dynkin diagram of G. Tables are provided for adjoint simple groups. 



1. Preliminaries and notation 



l.A. Notation. Let F be an algebraically closed field. Let p denote its characteristic. By a variety 
(respectively an algebraic group), we mean an algebraic variety (respectively an algebraic group) over F. 
We denote by Z(p) the localization of Z at the prime ideal (in particular, if p = 0, then Z(p) — Q). 

We fix a connected reductive group G. We denote by Z(G) its center and D(G) its derived subgroup. 
If 5 G G, we denote by gs (respectively g„) its semisimple (respectively unipotent) part, Caig) its 
centralizer and C^{g) the neutral component of Cg(3)- We denote by o{g) G {1,2.3, ...} U {oo} the 
order of g. 

l.B. Isolated and quasi-isolated elements. The element g G G is said quasi-isolated (respectively 
isolated) if Ccigs) (respectively C^{gs)) is not contained in a Levi subgroup of a proper parabolic 
subgroup of G. If there is some ambiguity, we will speak about G-isolated or G-quasi-isolated elements 
to refer to the ambient group. Of course, an isolated element is quasi-isolated. 

The isolated elements are present in many different papers while the quasi-isolated ones are not often 
mentionned (see [Bon, §4.5]). One reason might be the following : if the derived group of G is simply 
connected, then centralizers of semisimple elements are connected (by a theorem of Steinberg [S, Theorem 
8.1], see also [Bou, Chapter VI, §2, Exercise 1]) so the notions of isolated and quasi-isolated elements 
coincide. Another possible reason is that the notion of isolated element depends only on the Dynkin 
diagram of G, by opposition to the notion of quasi-isolated element (see Proposition 2.3 and Example 
2.4). 

Whenever the derived group of G is not simply connected, a quasi-isolated element might not be 
isolated. The following extreme case can even happen : there exist quasi-isolated semisimple elements s 
which are regular (that is, such that Cq(s) is a maximal torus), as it is shown by the following example. 

Example 1.1 - Let n > 2 be a natural number invertible in F. Let us assume in this example that G — 
PGL„(F). Let C, he a primitive n-th root of unity in F and let s be the image of diag(l, C, C^, . . . , C"~^) G 
GL„(F) in G. Then Cq(s) is the maximal torus consisting of the image of diagonal matrices in G (in 
particular, s is regular, so it is not isolated) but Cg{s)/C^{s) is cyclic of order n : it is generated by a 
Coxeter element of the Weyl group of G relatively to Cq(s). Therefore, s is quasi-isolated. □ 

I.e. Root system. The notions of isolated and quasi-isolated elements involve only the semisimple 
part, so we will focus on semisimple elements. For this reason, we fix once and for all a maximal torus of 
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G : determining if an element of this torus is quasi-isolated or not can be done thanks to the root system 
or the Weyl group relatively to this torus. 

Let B be a Borel subgroup of G and let T be a maximal torus of B. Let W be the Weyl group and 
let $ be the root system of G relatively to T. Let (respectively A) denote the positive root system 
(respectively the basis) of $ associated to B. 

We fix once and for all an element s G T. We denote by $(s) and by W°{s) respectively the root 
system and the Weyl group of Cq(s) relatively to T. We set : 

W{s) = {w€W \'^s = s}. 

Let B(s) be a Borcl subgroup of Cq(s) containing T and let $+(,s) (respectively A(s)) denote the positive 
root system (respectively the basis) of $(«) associated to B(s). Wo set : 

A{s) = {we W{s) I m;($+(s)) = $+(s)}. 

Example 1.2 - C^{s) is a Borel subgroup of Cq(s) containing T. If B(s) = C^{s), then (|>+(s) = 
n $(s). □ 

We gather some elementary facts : 

Proposition 1.3. Let s G T. Then : 

(a) $(s) = {a e $ I a{s) = 1}. 

(b) W{s) is the Weyl group of Cg{s) relatively to T. 

(c) W{s) = A{s) X W°{s). 

(d) A{s)c^Cg{s)/C°^{s). 



Corollary 1.4. Let s e T. Then : 

(a) s is isolated (respectively quasi-isolated) if and only ifW°{s) (respectively W{s)) is not contained 
in a proper parabolic subgroup of W. 

(b) The following are equivalent : 

(1) s is isolated ; 

(2) <I>(s) is not contained in a proper parabolic subsystem of^ ; 
(c) |A(s)| = |A|. 



Proposition 1.5. Let s e T. Then there exists an element s' G T, of finite order, such that Cg{s) = 

Proof - Let S denote the Zarisky closure of the group generated by s. Then S/S° is generated by the 
image of s, so it is cyclic. Moreover, Cg(s) = Cg(S). Therefore, Proposition 1.5 follows immediately 
from the following easy lemma : 

Lemma 1.6. Let T) be a diagonalizable group acting on an affine variety X. We assume that D/D° is 
cyclic. Then there exists an element t €T> of finite order such that X° = X*. 

Proof of Lemma 1.6 - We first prove the following statement : 
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(*) For every prime number I ^ p, there exists an element t € D° of i-power order such that 
X°° =X*. 

Proof of (*) - By [Bor, Proposition 1.12], there exists a finite dimensional rational repre- 
sentation V of D° and a D°-equivariant closed embedding X. ^ V. So X'^ = fl X. If 
X € X{D°), we set 

Vx ^ {v ev \ wt eD, t.v = xW«}- 

Let xiv ■ ■ ; Xfe G X(D°) be the distinct non-zero weights of D° in its action on V. Then : 

Now, the subgroup L of D° consisting of elements of £-power order is Zarisky dense in D°. 
Therefore, there exists t € L such that t Kerxi U • • • U Kerxfe- This implies that = V*. 
This shows (*). □ 

Now let D he a finite cyclic subgroup of D such that D = D x D°. Let d £ D he such that D =< d >. 
Then X° = (X°°)'^. Let £ be a prime number greater than \D\. Then, by (*), there exists t G D° of 
£-power order such that X°° = X*. Then, since t and d have coprime order, we have X*'' = (X*)'' = 
{X^°y = X.^. m 

Remark - Lemma 1.6 and statement (*) are slight refinements of a well-known lemma on the action 
of tori on afRne varieties (see for instance [DM, Proposition 0.7]). Moreover, Lemma 1.6 does not 
remain valid if D/D° is not cyclic. For instance, assume that p ^ 2 and consider the action of D = 
{1, -1} X {1, -1} on A3(F) by (e, s').{x, y, z) = {ex, e'y, ee'z). □ 

2. Isotypic morphisms 



2. A. Definition. A morphism tt : G — > G is said isotypic if G is a connected reductive group, if Kern 
is central in G and if ImTT contains the derived group of G. 

Example and notation - Let tTsc : Ggc ^ G be a simply connected covering of the derived group of 
G. Let Gad denote the adjoint group of G and let TTad : G — > Gad be the canonical surjective morphism. 

Then tTsc and TTad arc isotypic morphisms. We set Bad = T^adCB) and Tad = T^iT). Then Bad is a Borel 
subgroup of Gad and Tad is a maximal torus of Bad. Moreover, if t G T, wc set i — 7rad(i) G Tad- □ 

We fix in this section an isotypic morphism tt : G ^ G. Let Ker'Tr = D(G) fl KerTr. It must be 
noticed that Ker'Tr is a finite abelian group of order prime to p. Let B = 7r~^(B) and T = 7r~^(T). 
Then B is a Borel subgroup of G and T is a maximal torus of B. Wc will identify the Wcyl group of 
G relatively to T with W through the morphism n. Let $ denote the root system of G relatively to T. 
Then the morphism n* : X{T) X{T) induced by tt provides a bijection $ 

Since Imyr contains D(G), we have 7r(G).Z(G)° = G. We fix once and for all in this section an 
element s e T such that 7r(s) G sZ(G). Then 

(2.1) 7riC^{~s)).Z{Gr cCg{s). 
Moreover, by Proposition 1.3 (a), we have 

(2.2) ^(C^(S)).Z(G)°=C^(.). 

Therefore, W{s)cW{s) and W°{s) = W°{s). Moreover, A{§)cA{s) (if we choose B(5) = Tr-\B{s))). 
These remarks have the following consequences : 

Proposition 2.3. With the above notation, we have : 

(a) If s is quasi-isolated in G, then s is quasi-isolated in G. 
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(b) s is isolated in G if and only if s is isolated in G. 

The following example shows that the converse to statement (a) of Proposition 2.3 is not true in 
general. 

Example 2.4 - Keep hero the hypothesis and notation of Example 1.1. Assume that G = GL„(F) and 
that TT : G G is the canonical morphism. Let s = diag(l, C, C^, . . . , C"^^)- Then s is not quasi-isolated 
in G since Cq(S) is a maximal torus. But s = n{s) is quasi-isolated in G as it is shown in Example 1.1. □ 

Remark 2.5 - If tt is injective, then the inclusion 2.1 is an equality. So s is quasi-isolated in G if and 
only if s is quasi-isolated in G. □ 

2.B. The groups A{s) et A{s). We will compare here the groups A{s) and A{s) in order to obtain 
general properties of the group A{s). Most of the results of this subsection are well-known, particularly 
the Corollary 2.9 (see [S, lemme 9.2] and [BM, lemme 2.1]) but they are rarely stated in the whole 
generality of this subsection. 

Let Com(G) denote the set of couples {x, y) E G x G such that xy = yx. This is a closed subvariety 
of G X G. If {x,y) G Com(G), we denote by u{x,y) the element [x,y\ = xyx^^y^^ e G where x € G 
and y are two elements of G such that -k{x) £ xZ{G) and 7r(y) G yZ{G). It is easily checked that lo{x, y) 
depends only on x and y and does not depend on the choice of x and y. Moreover, 7r([i, y\) = [x, y] = 1 
so u}{x, y) € Ker' tt. 

Lemma 2.6. Let x, x' , y and y' he four elements of G such that xy = yx, x'y = yx' and xy' = y'x. 
Then : 

uj{x', yy') = u;{x, y)uj{x, y'), 
w{xx',y) = u){x, y)w{x', y) 

and uj{x,y) = uj{y,x)~^ . 

Proof - Let us show the first equality (the second can be shown similarly and the third one is obvious). 
Let i, y and y' be three elements of G such that 7r(i) G x7,{G), -K{y) G J/Z(G) and 7r(j(') G j/'Z(G). 
Then 7r(yy') G yy'Z{G) and so 

uj{x,yy') = [x,yy'] 

, 1 — 1 

= xyyx y y 
= xyx~^xy'x~^y'~^y~^ 
= xyx~'^u){x,y')y~'^ 
= uj{x,y)u{x,y'), 

where the last equality follows from the fact that ijj{x,y') is central in G. ■ 

Let u)s ■ Cg{s) Ker'TT, g u){g, s). The Lemma 2.6 shows that Ws is a morphism of groups. 

Lemma 2.7. Kerw^ = tt{C^{s)).Z{G)° . 

Proof - Let g G KeiUs- There exists g & G such that 7r(^) G gZ{G)°. Since LOs{g) = [g,s] = 1, we have 
g G C^{s). u 

Corollary 2.8. We have : 

(a) LUs induces a morphism Qs ■ A{s) — > Ker'TT. We have KerWg = A{s) and IrnQs = ImWs = {2; g 
KerTT I s a,nd sz are conjugated in G}. 

(b) |yl(s)/y4.(s)| is a finite abelian group of order dividing |Ker'7r| (so prime top). 
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Proof - (a) By Lemma 2.7 and equality 2.2, Cq(s) is contained in the kernel of Ug. Since A{s) ~ 
Cg(s)/Cq(s), we get the first assertion. The second follows again from Lemma 2.7. 

Let us show the last one. Let A = {z G KcrTr | s and sz arc conjugated in G}. Let g G CgC-s)- Let g 
be an element of G such that ^{g) G gZ{G). Set z = cOgid)- Then sz = gsg~^, which shows that z £ A. 
So Imojs C A. Conversely, let z € A. Then there exists g G G such that sz = gsg~^. Set g = ^{g). Then 
z = [g,s], which shows that g G Cg(s) and that z = uis{g)- So Ac ImiVg- 

(b) follows immediately from (a). ■ 

Corollary 2.9. The group A{s) is isom,orphic to a subgroup of the p' -part of the fundamental group of 
D(G). The exponent of A{s) divides the order of s in Gad, whenever this one is finite. 

Proof - This statement does not involve the group G. So we can choose for tt the most convenient 
morphism for this question. We thus assume that tt : G ^ G is the morphism tTsc : Ggc — > G defined in 
§2. A. Then Ker' n = KerTr is the p'-part of the fundamental group of G. 

Moreover, Steinberg's Theorem [S, theoreme 8.1] tells us that Cq(s) is connected, so A(s) = 1. So 
the first assertion follows immediately from Corollary 2.8 (b). Let us show now the second assertion. Let 
n denote the order of s in Gad and let g € Cq,{s). We must show that 5" G C^ls). Then, by Lemma 
2.6, we have Ws(5") = '^^{9^ s)" = '^(fl,^")- But, s" is central in G. Thus u:s{g") = 1, which shows that 
5" G 7r(CQ(s))Z(G)° by Lemma 2.7. But, again by Steinberg's Theorem, we have Cq(s) = C^(s), so 
ff" G C°c{s) by 2.2. ■ 

2.C. Isotypic morphisms and quasi-isolated elements. The Proposition 2.3 shows that the notion 

of isolated clement depends only on the isogeny class G. On the other hand, the Example 2.4 shows that 
the notion of quasi-isolated element does not behave so nicely. We will use the morphism ujs to study a 
weak converse to the statement (a) of Proposition 2.3. This weak converse will also be used to obtain 
some classification result for quasi-isolated elements. 

Let ej denote the exponent of the group A{s)/A{s) (recall that ej divides the exponent of Ker' tt and 
the order of s in Gad)- A result analogous to the following has been shown in [Bon, preuve du corollaire 
4.5.3]. 

Proposition 2.10. The group Cg{s) is contained in tt{Cq^{s^'')).Z{G)° . 

Proof - Let g G Cg(s)- Then uJs{gY= = 1. But, by Lemma 2.6, we have LOs{gY' = co^e^ (<?). This shows 
that g G Kerw^ej = 7r(CG(s'=')).Z(G)° (see Lemma 2.7). ■ 

Corollary 2.11. If s is quasi-isolated in G, then s^^ is quasi-isolated in G. 



Corollary 2.12. Let e be the exponent o/KerTTgc- If s is quasi-isolated in G, then s'^ is isolated in G. 

Proof - Once again, the group G is not involved in this statement, so we can assume here that tt = tTsc- 
Then divides e so, by Corollary 2.11, s'^ is quasi-isolated in G = Gsc- But, since G is simply connected, 
s'^ is isolated in G. Therefore, by Proposition 1.4 (a), s'^ is isolated in G. ■ 

Corollary 2.13. If s is quasi-isolated, then s has finite order. 
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Proof - By Corollary 2.12, we may assume that s is isolated in G. Let /x : X(Tad) ^ F^, x i-^- x{s)- 
Then is a morphism of groups and $(s) = $ fl Ker ^ (here, we identify X(Tad) to a subgroup of X{T) 
via the morphism TTad)- Since s is isolated, it follows from Corollary 1.4 (b) that < $(s) > has finite 
index in X(Tad)- So Ker/x has finite index in X(Tad)- Let d denote this index (that is the order of the 
image of /u). Then s has order d in Tad- ■ 



3. Semisimple elements of finite order 



We will describe in this subsection the possible structure of the centralizer of a semisimple element 
in G. By Proposition 1.5, we can focus on semisimple elements of finite order. For this, we fix an 
injective morphism i : (Q/Z)p' ^ ¥^ and we denote by ? : Q — » the composition of the morphisms 
Q — ' (Q/^)p' F>< . Finally, we set It : Q Y{T) — > T, r (g)z A i — > A(?(r)). The image of It is the 
torsion subgroup of T. 

To understand the structure of Cg(s), then, by Proposition 1.5 and by Remark 2.5, it is sufficient to 
work under the following hypothesis : 

Hypothesis - From now on, and until the end of this paper, we assume that G is 
semisimple and that s has finite order. 

Remarque - It must be noticed that, in view of classifying quasi-isolated semisimple elements, this 
hypothesis is not restrictive (see Remark 2.5 and Corollary 2.13). □ 

3. A. Preliminaries. Let V be the Q-vector space Q (8>z ^(T) and let V* be its dual, identified with 

Q (g)z X{T). We denote by <, >: V^* x V ^ Q the canonical perfect pairing between V and V*. Then 
F(Tsc) may be identified with < <i>^ > and X(Tad) may be identified with < $ >. Since G is semisimple, 
A is a basis of V*. Let {w^)aeA be its dual basis. Then Y(Tad) may be identified with ©tjgA^ci^^. As 
expected, we have F (T^c) C Y{T) c F(Tad) C F = Q >^(Tsc). li v e V, let : V ^ V, x x + v 
denote the translation by v. 

Let us recall the following elementary fact : 

Lemma 3.1. The map y(Tad) — > T, A i-^ «t(A) induces an isomorphism (F(Tad)/F(T))p/ ~ Z(G). 
The map Y{T) — > Tsc, A i-^ i-TscW induces an isomorphism (F(T)/F(Tsc))p' — KerTTgc- 

If XgV, we set 

$(A) = {a G $ I < a, A >e Z} 
and VKg(A) = {«; e W I u>(A) - A e r(T)}. 

We denote by Osc(A) (respectively Oad(A), respectively og(A)) the order of the image of A in V/Y{Tsc) 
(respectively y/y(Tad), respectively V/Y{T)). Let W°{X) denote the Weyl group of the closed subsystem 
$(A) of Then W^°(A) is a normal subgroup of Wg(A). If we fix a positive root system $"'"(A) in $(A), 
then we can define 

Ag{X) = {w e VKg(A) I w($+(A)) = $+(A)}. 

Then 

Wg(\) =Ag{\) k I^°(A). 
The next lemma shows that, in order to understand the structure of Cg(s), it is necessary and sufficient 
to understand the structure of W{X), W°{X) and ^g(A). 

Lemma 3.2. Let X G Z(p) (g)z F(Tsc) C V and let s = ?t(A). Then 
(a) og (A) is the order of s ; 
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(b) $(A) = $(s) so W°{X) = W°{s). 

(c) Wg(A) = W{s) and, i/$+(A) = $+(s), i/ien ylG(A) = A{s). 

By analogy, we say that A is G-isolated (respectively G- quasi-isolated) if M^°(A) (respectively VF(A)) 
is not contained in a proper parabolic subgroup of W. 

Let Waff = W K Y{Tsc) denote the affine Weyl group of If A G V, we set 

Waff(A) = {W& Waff I w{\) = A}. 

For the proof of the next proposition, see [DM, Lemme 13.14 and Remark 13.15 (i)] and [Bou, Chapter 
VI, §2, Exercise 1]. 

Proposition 3.3. Let \^V. Then 

(a) Waff (A) is generated by ajjine reflections. Its image in W is W°{X). 

(b) W°{X) is the kernel of the map Wa{X) ^ r(T)/r(Tsc), w ^ w{X) - A + y(Tsc). 

(c) The exponent of Ag{X) divides og(A). 

Remark - By Proposition 1.5, by Lemma 3.2 and by Proposition 3.3 we get that the centralizer of a 
semisimple element in a simply connected group is connected (Steinberg's Theorem). □ 

3.B. Affine Dynkin diagram. We recall here some results from [Bou, Chapter VI, §2] concerning the 
affine Dynkin diagram associated to a root system. We denote by $i, ^2,- ■ ■ , the distinct irreducible 

components of $. 

Let us fix « G {1,2, . . .,r}. Let Vi = Q^z < $i >• Let Wj denote the Weyl group of We set 
Aj = A n $t = $+ n Then Vi = ®aeAiQ^a- We denote by the highest root of (with 
respect to the height defined by Aj). We write 

Q!i = ^ Uaa, 

where the Ua are non-zero natural numbers (a G A,). By convention, we set ■hj^q,. = 0, n-ai = 1- 
Let Aj = A U {-ai}, Ai^min = {a G Aj | = 1} and Ai,min = \,niin U {-cti}. If a G Ai^min, we 
denote by <I>q the parabolic subsystem of $i with basis A^ — {a} (for instance, = and wc set 

= n $a- Let Wa denote the Weyl group of the root system and Wa its unique element such 
that Wai^a) — ~^a- We set Za = WaW-a G Wj (notc that Z-a = 1) and 

Autw,{\) = {zGWi\ z{Ai) = Ai}. 
By [Bou, chapter VI, §2, Proposition 6], we have 
(3.4) Autwii^i) = {za\ae Ai,min}. 

If a G Aj, we set rua = 0. We also set m-g^ = —1. Now, let Cj denote the alcove 

Ci = {X eVi \y a e Ai, < a,X > ^ ma} 

= {X e Vi \ {y a e At, < a, X > ^ 0) and < (ij, A > < 1}. 

Then Ci is a fundamental domain for the action of the affine Weyl group Wj^aff = WjX < > on Vj. 
Moreover, C, is a closed simplex with vertices (^^a/^a)agA • 
With the above notation, we have : 

W = Wi X Wa X ••• X W^, 

V = Vi(BV2®---®Vr, 

Y{T,,) = ®(Vin y(T,e)) 

1=1 V / 

and y(Tad) = I) (v;nr(Tad)). 
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We set A = Ai U A2 U • • • U A^. Now, let 

A = {zeW \ z(A) = A}. 

In other words, A is the automorphism group of the afSne Dynkin diagram of G induced by an element 
of W. We have 

A = Autw'i (Ai) X AutH/2(A2) X • • • X Autw,(Ar). 
li z = {za^,Za2,- ■ - jZa^) e A, with e Ai^min, we set 

w'^iz) = + Wo,)/ + • • • + K7^^. 

Finally, let 

C = {A e y I V a e A, < Q!,A > > md 

= Ci X C2 X • • • X Cr. 

Then C is a fundamental domain for the action of W^s in ^ ■ Then, by [Bou, Chapter VI, §2], we have, 
for every z ^ A, 

(3.5) z(C)^v3'{z)=C 
and the map 

.ofix : A ^ y(T,d)/y(T,e) 

z ^ w^{z) + Y{T,,) 

is an isomorphism of groups. If 2: = {zai , Za2 , Za^) € with a, G Ai_mi„, and if a e Aj, then 

(3.7) n^(„) = ria 

and 

(3-8) z{^ru^J+zul = ^ru^,^^y 

Hoc '^oc 

Since wc will be working with the affine Weyl group of W^s, it will be convenient to work with "afhnc 
coordinates". More precisely, if A G F, we will denote by (Ac)^^^ the unique family of rational numbers 
such that 

(1) Vie {1,2,..., r}, ^A„ = l ; 

~ "■a 

Note that A S C if and only if A^ ^ for every a € A. Then, we have, for every a G A, 
(3.9) <a,A>= — +ma. 

Ha 

Proof of 3.9 - Recall that ma has been defined in §3.A. If a e A, then rua = and, by (3), 
< a, A >= Xa/ria- On the other hand, if a G A — A, then rua = —1 and there exists a imique 
i S {1, 2, . . . , r} such that a — —cti- Therefore, by (2) and (3), < a, A >= — X^^g^^ A/3 = Aa — 1. ■ 



Moreover, it follows from 3.8 that, for every z £ A, 
(3.10) z{X)+w''{z)=Y, 

aeA 

In other words, (z(A) + zu'^{z))a = Xz-^(a)- 

3.C. Orbits under the action of W k Y{T). Let be the subgroup of A defined to be the inverse 
image of F(T)/F(Tsc) under the isomorphism ro^. Since C is a fundamental domain for the action 
of Waff, it will be interesting to understand whenever two elements of C are in the same orbit under 
W K Y{T). The answer is given by the following proposition. 
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Proposition 3.11. Let A and ji be two elements of C and let w G W. If jJ, — w{X) G Y{T), then there 
exists w° G W° (A) and z G Ac such that w = zw° . Moreover, if d is a common multiple of o(A) and 
o{fi), then z'^ = 1. 

Proof - Assume that /x — w(A) G Y{T). Then there exists z G Ag and u G "K(Tsc) such that w{X) - ^ = 
-vj'^{z) + u. But, (t_„-u;)(A) = ^- tu^(z) € C - tu^(z) = z(C) (sec 3.5). Therefore, (z-V_„w)(A) e C. 
Since C is a fundamental domain for the action of WaS on V and since z~^T-uW G Wafi, we deduce that 
2;~^T_„w;(A) = A. So, by Proposition 3.3 (a), z~^w G W^°(A), as expected. 

For the last assertion, note that the hypothesis implies that d{w{X) — /x) G y(Tsc). Therefore, dzu^ {z) G 
y(Tsc). Since the map 3.6 is an isomorphism, we get that z'^ = 1. m 

CoroUciry 3.12. Let A and /x be two elements of C. Then the following assertions are equivalent : 

(1) A and, fj, are in the same W K Y{T)-orbit. 

(2) There exists z G Ag such that z{X) — /x G Y{T). 

Proof - Clear. ■ 

3.D. The group Wg(A). Let us now come back to the aim of this section, namely the description of the 
group Wg{X). Since C is a fundamental domain for the action of Wgs in V, it is sufficient to understand 
the structure of VFg(A) whenever A G C. 

Proposition 3.13. Let A G C. We set Ix = {a € A \ = 0} = {a € A \ <a,X>= rua}. Then : 

(a) I\ is a basis o/$(A). 

(b) If^^{X) is the poitive root system o/<i>(A) associated to the basis I\, then 

A^(A) = {z G I V a G A, A^(„) = A„}. 

Proof - (a) For a G A, let Ha = {v e V \ < a,v >= nia}- Then {Ha)^^^ is the family of walls of the 
alcove C. Moreover, WaS is generated by the affine reflections with respect to the walls of C which contains 
A (see [Bou, ??]). Therefore, W°{X) is generated by the reflections {sa)a£ix- Since < a,/?^ > < for 
every a, /3 G A, this implies that I\ is a basis of $(A). 

(b) Let A = {z G Ag | V a G A, Xz(a) = Aq}. Then A stabilizes I\ by construction and, for every 
z € A, z{X) — A = w^{z)Y{T) by 3.10. So Ac^g(A). Let us prove now the reverse inclusion. 

First, let us prove that Ag{X) C^g- Let z G Ag{X). By Proposition 3.11, there exists a G Ag and 
w° G W°{X) such that z = aw° . So a G W{X) and a(/A)cA. In particular, a{Ix)c<^{X) n A. But 
<^{X) n A = /a by (a). So a{Ix) = h- Moreover, z{Ix) = Ix by definition of ^g(A). So w°{Ix) = h and 
w° G VK°(A), which implies that w° = 1, that is z = a. This shows that z G ^g- 

Now, by 3.10, we have 

,(A)-A + zn-(z) = ^(^ VM^)-Aa ^vWy(T)cy(Taa). 
Since z stabilizes 7a, we have, for every a G A, 

^z-'^(a)'^a = =^ Xz-i(a) = Aq, = 0. 

Moreover, ^ Aa ^ 1- Therefore, {Xz-i[a) — Xa)/na G] — l/ria, l/na[- Moreover, ('cu]^)a£A is a Z-basis 
of y(Tad). So Xz-i(a) — for cvcry a G A. Then, by condition (1), X^-i(^a) = Kx for every a G A. ■ 

Remark 3.14 - Keep the notation of Proposition 3.13. Then it may happen that Ag(A) is strictly 
contained in the stabilizer of Ix in Ag- Take for instance G = PGL2(F) and A = ro^/3 where a is the 
unique simple root of G. □ 



10 CEDRIC BONNAFE 

Remark 3.15 - If A e C, note that /a n Aj ^ Aj for every i G {1, 2, . . . ,r}. □ 

If A e C, we will choose for $"'"(A) the positive root subsystem of $(A) associated to the basis 7^- 



4. Classification of quasi-isolated elements 



4. A. A characterization of quasi-isolated elements. If / is a subset of A such that J fl A^ ^ Ai for 
every i G {1,2, ... ,r}, we denote by the root subsystem of $ with basis / and by Wj the Weyl group 
of It must be noticed that Wi is not necessarily a parabolic subgroup of W. The Proposition 3.13 
shows that, whenever A G C, V'Fg(A) = A t< Wi^ for some subgroup A oi A stabilizing I\. To determine 
if such a subgroup is contained or not in a proper parabolic subgroup oi W, we need to determine the 
dimension of its fixed-points space. This is done in general in the next lemma. 

Lemma 4.1. Let I be a subset of A such that I Ai ^ Ai for every i G {1,2, ... ,r} and let A be a 
subgroup of A stabilizing I. Let r' denote the number of orbits of A in A — I. Then dimQ v^^^' =r' —r. 

Proof - By taking direct products, we may assume that $ is irreducible or, in other words, that r = 1. 
Let Vi = Q'S)z < > and let Ej be the orthogonal of / in V. Then V = Vi ® Ej and AWj stabilizes 
Vi and Ej. Moreover, 

{v gVi \ \/ w gWi, w{v) =v} = {0} 
and Wi acts trivially on Ej. Consequently, 

yAKWi _ £jA 

Let Q[A — I] denote the Q-vector space with basis {ea)aeA-i- '^^^^ ^ permutation A-module. Let 

f : Q[A — I] ^ Ej the Q-lincar map sending on the projection of a in Ej (for every a G A — /). Then 
/ is a morphism of QA-modules, whose kernel has dimension 1 (because |A| = dimF + 1). 
Let M = {ve Q[A - /] \\/zgA, z{v) = v}. Then 

dimQ Ef = dimQ M - dimQ(M n Ker /). 

Since dimqM = r', we only need to show that A acts trivially on Ker/. But X^^gA'^"^ ~ ^- 

by projection on Ej, we get that Ker / is generated by X^aeA-/ '^a'^"- equality 3.7, this element is 

invariant under the action of A. This completes the proof of Lemma 4.1. ■ 

Corollary 4.2. Let I be a subset of A such that / fl Aj ^ A^ for every i G {1,2, ... ,r} and let A be a 
subgroup of A stabilizing I. Then A.Wj is not contained in a proper parabolic subgroup of W if and only 
if A acts transitively on At — I for every i G {1,2, ... ,r}. 

Proof - This follows immediately from Proposition 4.1. ■ 

Corollary 4.3. Let A G C. Then : 

(a) A is G-isolated if and only if \Ai — I\ \ = 1 for every i G {1, 2. .... r}. 

(b) A is G- quasi-isolated if and only if Aq,{\) acts transitively on Ai — I\ for every i G {1,2,..., r}. 
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Proof - This follows immediately from Proposition 3.13 and Corollary 4.2. ■ 

4.B. Classification of quasi-isolated elements in V. We are now ready to complete the classification 
of conjugacy classes of G-quasi-isolated elements in V. Let Q(G) denote the set of subsets O of A, such 
that, for evc;ry i G {1, 2, . . . , r}, O n Aj ^ and the stabilizer of Oj in acts transitively on A^. If O 
is such a subset, we set 



^ni(r2)|0n A 

where ni(0) is equal to for every a G CldAi (see equality 3.7). Note that Ag acts on Q(G). Moreover, 
by 3.8, we have, for every z G Ag, 

(4.4) ^(An) + ^u^(0) = A,(o). 

Finally, we denote by op(f7) the number oci'^a) where a € ClCi A,. Note that this number is constant 
on. no Ai. All the work done in this section shows that : 



Theorem 4.5. With the above notation, we have : 

(a) The map Q(G) C, ft i-^ Xn induces a bijection between the set of orbits of Ag in Q(G) and 
the set ofWK Y{T)-orbits of quasi-isolated elements in V. 

(b) LetQG Q(G). Then : 
(a) W°{Xn) = M^A-o / 

(/?) ^g(Ao) = {z G I z{n) =n ; 

(7) og(A) is the lowest common multiple of (n,(n)op(0)|n fl Ai|)i ^ j ^ r / 
{S) Xq is G-isolated if and only if \ fli\ = 1 for every i G {1, 2, . . . , r}. 

4.C. Classification of quasi-isolated semisimple elements. Let A^/ denote the subset of elements 
a G A such that ro^/ria G Z(p) (g)z l^(Tsc). Let Q(G)p' denote the set of f2 G Q(G) such that Qc Ap/ 
and, for every i G {1,2, . . . ,r}, p does not divide |0 fl Aj|. If f2 G Q{G)p', we set tn = iT{Xn) G T. 



Theorem 4.6. With the above notation, we have : 

(a) The map Q{G)p' — > T, O 1— > induces a bijection between the set of orbits of {Ag)p' in Q{G)p' 
and the set of conjugacy classes of quasi-isolated semisimple elements in G. 

(b) Ifne Q{G)p' then : 
(a) W°itn) = W^_^ ; 

(/?) Aaitn) ^{zeAgI ^{^) = ^} ; 

(7) o{t(i) is the lowest common multiple of (nj(n)op(f2)|r2 n Aj|)i ^ j ^ ^ / 
(6) to, is G-isolated if and only if |f2j| = 1 for every z G {1, 2, . . . , r}. 



Proof - By Theorem 4.5 and Lemma 3.2, it is enough to show that the map Q(G)p/ C, ^ Xq_ 
induces a bijection between the set of orbits of (^g)p' in Q(G)p' to the set of k F(T)-orbits of quasi- 
isolated elements A in F such that p does not divide Osc(A). But this follows from Theorem 4.5 (b) (7) 
and the last assertion of Proposition 3.11. ■ 

Remark 4.7 - We recall that the prime number p is said to be very good for G if it docs not divide 
the numbers Ua {a G A) and |^| = |F(Tsc)|/|i^(Tad)|- We say here that p is almost very good for G is 
it does not divide the numbers ria {a G A) and |^g| = l^(T)|/|y(Tad)|- If P is very good, then it is 
almost very good. 

lip is almost very good, then Ap/ = A and {Ag)p' = Ag so the set of k y(T)-orbits of G-quasi- 
isolated elements in V is in natural bijection with the set of conjugacy classes of quasi-isolated semisimple 
elements in G (through the map zt)- □ 
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Example 4.8 - If all the irreducible components of $ are of type B, C ou D and if p = 2, then 
Kpi = {— Q!i, —52, . . . , —OLr}- Therefore, 1 is the unique quasi-isolated element in G. □ 

4.D. Simply connected groups. If G is simply connected then = {!}• Therefore, we retrieve the 
well-known classification of isolated semisimple elements in G : 



Proposition 4.9. Assume that G is semisimple and simply connected. Then the map ^i^p' x ■ • • x A^^p' 
G, (ai, . . . , ar) ^ 111=1 ^^'^Jrio,. induces a bijection between x • • • x A^^p' and the set of conjugacy 
classes of (quasi-) isolated elements in G. 



Example 4.10 - Assume here that p ^ 2 and that G = Sp(l^) where V is an even-dimensional vector 
space endowed with a non- degenerate alternating form. Let dimV = 2n. Then G is simply connected, 
so Ag = {!}■ Moreover, Ap/ = A. Let us write ao = —on and let us number the afBne Dynkin diagram 
A of G as follows 

ao ai a2 a„_i a„ 
® : @ @ @=^Ki) 

The natural numbers written inside the node ai is the number na^. For ^ i ^ n, let fli = {ai} and let 
ti = ZT(^a; /jia; )• Then {ti 1 ^ i ^ n} is a set of representatives of conjugacy classes of isolated (i.e. 
quasi-isolated) elements in G. Note that ti is characterized by the following two properties : 

ti = 1 and dimKer(tj + Idy) = i. 

This shows that an element s is isolated in G if and only if = 1. Finally, note that Caiti) = 
Sp2i(F) X Sp2(„_i)(F). ■ 

4.E. Special orthogonal groups. The case of special orthogonal groups in characteristic 2 has been 
treated in Example 4.8. In this subsection, wc study the case of special orthogonal groups in good 
characteristic. We first adopt a naive point-of-view, using the natural representation of special orthogonal 
groups. At the end of this subsection, we will explain the link between this point-of-view and Theorem 
4.6. 

Hypothesis : Let us assume in this subsection, and only in this subsection, that p^2 
and that G = SO(V, (. )) = SO(F) inhere V is a finite dimensional vector space over F 
and (, ) is a non degenerate symmetric bilinear form on V . 

r dim V i 

We denote by n the rank of G. Then n = — ^ — , except whenever dim!/ = 2 (in this case, n = 0). 
If = 1, then dimKer(s -|- Idy) = 0mod2 so dimKer(s — Idy) = dim y mod 2. 



Proposition 4.11. With this hypothesis, we have : 

(a) s is quasi-isolated if and only if s^ = 1. 

(b) If = 1, then s is isolated if and only i/dimKer(s — eldy) ^ 1 for every e G {1, — !}• 



Proof - Assume first that there exists an eigenvalue C of s such that ^ 1. Let denote the 
^-eigenspace of s in V. Let E be the orthogonal subspace to © V^-i. We have 

V = V(^®Vc^-i ®E, 

and this is an orthogonal decomposition. Therefore, the centralizer of s in G is contained in G fl 
(GL(V^) X GL(V^-i) X G'L{E)), which is a Levi subgroup of a proper parabolic subgroup of G. So s is 
not quasi-isolated. 
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Assume now that = 1. Then V — Vi ® V-i and this decomposition is orthogonal. So 
Cg(s) = (0(Fi) X 0(V_i))nG et Q(s) = SO(Fi) x SO(y_i). 
So s is quasi-isolated and it is isolated if and only if dimVi ^ 1 and dimF_i ^ 1. ■ 

Corollary 4.14. Keep the hypothesis of this subsection. If ^ i ^ n, let ti denote a semisimple element 
of G such that tf = 1 and dimKer(ii + Idy) = 2i. Then {ti \ ^i ^n} is a set of representatives of 
conjugacy classes of quasi-isolated elements in G. Moreover, ti is isolated if and only ifi ^ {1, (dimy)/2— 
!}• 

Let us now compare the description given by Corollary 4.14 and the one given by Theorem 4.6. Since 
p 7^ 2, we have Ap' = A and Ap' = A (indeed, p is very good for G). For getting a uniform description, 
we assume that dim]/ ^ {1,2,3,4,6} (whenever diml/ G {1,2,3,4,6}, then the reader can also check 
that Corollary 4.14 and Theorem 4.6 are still compatible !). 

4.E.I. Type B. We assume here that dim!/ = 2n + 1 and that n > 2. We set ao = —ai. Then Ag = A 
is of order 2. We denote by a its unique non- trivial element. We number the afBne Dynkin diagram of 
G as follows : 



ao (1/ 

The natural number written inside the node CKj is equal to n^^ . We have 

The action of on A is given by the above diagram : a{ao) = Qi, cr(ai) = ao, cr{ai) = ai for every 
i G {2,3, ...,n}. 

Let ilo = {ao}, ^^i = {cto, cti} and, for 2 < i ^ n, let — {ai}. Then fij € Q(G). Moreover, one can 
check that {Qq, fli, . ■ . , fin} is a set of representatives of ^Ic-orbits in Q(G). Then 

= 1 and dimKer(tQ. + Idy) = i. 

This shows that ta^ = t j : we retrieve Corollary 4.14. 

4.E.2. Type D. We assume here that dimV^ = 2n and that n ^ 4. We set ao = — ai. Then is 
of order 2. We denote by a its unique non- trivial element. Note that 7^ A. We number the affine 
Dynkin diagram of G as follows : 



The natural number written inside the node ai is equal to n^j • We have 

The action of ct on A is given in the above diagram : (j{ao) = ai, that a{ai) = ao and that a{ai) = ai 
for every i G {2, 3, . . . , n — 2}, cr(a„_i) = a„ and CT(a„) = a„_i. 

Let r^o = {ao}, ^^i = {q:o,Q;i}, = {««} (for 2 < i ^ n - 2), = {a„_i,a„} and f2„ = {a„}. 

Then Oj G Q(G). Moreover, one can check that {ilo, fli,. . . , fin} is a set of representatives of .^G-orbits 
in Q(G). Then 

t^. = 1 and dimKer(tOi + Idy) = i. 
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This shows that ta^ =ti : we retrieve Corollary 4.14. 



5. Adjoint simple groups 



The aim of this section is to provide complete tables for isolated and quasi-isolated semisimple con- 
jugacy classes in adjoint simple groups. For classical groups, we also give a description in terms of their 
natural representation. 

Hypothesis : In this section, and only in this section, we assume that G is adjoint and 



The root system $ is then irreducible. We denote by ao the root — ai. Note also that = -4- 
Moreover, for every a G A, we have 00(^7^) = 1. Therefore, the Theorem 4.6 can be stated as follows : 

Theorem 5.1. Assume that G is adjoint and simple. Then Q{G)pi is the set of subsets fl in Ay which 
are acted on transitively by their stabilizer in A. IfO,G Q{G)p', let uq denote the number (for some 
a en). Then : 



(a) The map Q{G)p' T, Q ta induces a bijection between the set of orbits of Api in Q{G)pi 
and the set of conjugacy classes of quasi-isolated semisimple elements in G. 

(b) Let n G Q{G)p,. Then : 
(a) W°itn) = M^A-o / 

(/3) AG{ta) = {zGAG I z{n)=n} ; 
(7) o{tn) = nn\n\ ; 

{6) sq is G-isolated if and only if |0| = 1. 

This implies that the set of conjugacy classes of isolated semisimple elements in G is in bijection with 
the set of orbits of A in Ap/ . 

5. A. Classification by use of the affine Dynkin diagram. We first set some notation. We denote 

by ao the root ai (recall that r = 1). Let n denote the rank of G (i.e. n = |A|). We write A = 
{ai, a2, . . . , an}- If ^ i ^ n, we set ria- = Ui, Za^ = Zi and lu^. = 07^. Note that Zi{aQ) = a^. The 
Table I gives the list of all the affine Dynkin diagrams together with the structure of A (see [Bou, Planches 



We give in Table II the classification of conjugacy classes of quasi-isolated elements in adjoint classical 
groups. In Table III, we deal with the adjoint groups of exceptional type Eq and Ei. We have not included 
adjoint groups of type E^, F4, and G2 since they are also simply connected. Therefore, Proposition 4.9, 
Theorem 5.1 and Table I gives easily all informations concerning the (quasi-)isolated elements for these 
groups. 

5.B. Explicit descriptions for adjoint classical groups. The case of special orthogonal groups was 
done in subsection 4.E. Therefore, we only have to investigate adjoint classical groups of type A, C and 



5.B.I. Type A. Assume here that G = GL„+i(F), that G = PGL„+i(F) and that tt : G ^ G is 
the canonical morphism (here, n is a non-zero natural number). Let /„+i denote the identity matrix of 
GL„+i(F). If (i is a non-zero natural number invcrtibic in F, we denote by Cd a primitive d-th root of 
unity in F^ and we set Jd = diag(l, Cd, Cd> • • • > Cd"') ^ GLd(F). 



simple. 




We have : 



I-IX]). 



D. 
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Now, let Divp' (n + 1) denote the set of divisors of n + 1 which are invertible in F. If d € Divp/ (n + 1), 
let Sn+i,d denote the matrix I n+i (g) e G. We set Sn+i,d = 7r(sn+i,d). 

Note that Ap' is cyclic of order Upi = |Ap/| and that it acts transitively on Ap/. If c? G Divp'(n + 
1), wc denote by Qn+i^i the orbit of qq under the unique subgroup of order d of ^ : fln+i,d = 

{(Xj(n+l)/d I ^ j ^ d - 1}. 

Proposition 5.2. IfG = PGL„_)_i(F), then the map Divp'(n+1) — > G, d i— > Sn+i,d «■ bijection between 
Divp'(rt + 1) and the set of conjugacy classes of quasi-isolated semisimple elements in G. Through the 

parametrization of Theorem 5.1, this corresponds to the map Divp'(n + 1) i— s- Q(G)p/, d ^ ^n+i.d- 

If d& Divp'(n + 1), then s„+i,d has order d, W°{s) ~ {&n+i/dY and A{s) ~ (Z/dZ) acts on W°{s) 
by permutation of the components. Moreover, Sn+i,d is isolated if and only if d= 1. 

5.B.2. Type C. We assume here that p ^ 2. Let F be a 2n-dimensional vector space over F, with 
n > 2. Let (3 : V x V ^ ¥ he & non-degenerate skew-symmetric bilinear form. We assume here that 
G = Sp(V', /?), that G = G/{Idy, — Idy} and that tt : G — > G is the canonical morphism. 

Proposition 5.3. Let s € G be semisimple and let s = 7r(s). 

(a) If s is quasi-isolated, then = 1. 

(b) If s"^ = 1, then s is isolated. 

(c) Ifs^ = l and ^1, then s is quasi-isolated if and only if dim Ker(s — Idy ) = dim Ker(s + Idy ) . 

Proof - (a) follows immediately from Corollary 2.11 and Example 4.10. (b) and (c) follow from direct 
computation. ■ 

If < i ^ n/2, let ii be an element of G such that t^ = 1 and dimKer(fj -|- Idy) =2i. If ^ i < n/2, 
let Si be an clement of G of order 4 such that dimKer(sj — Idy) = dimKer(si -|- Idy) = i. We set 

U = Tr{U) and Si = n{st). 

Corollary 5.4. The set {ti | ^ i ^ n/2}U{si \ ^ i < n/2} is a set of representatives of quasi-isolated 
elements ofG. The subset of A associated to ti (respectively Si) through the parametrization of Theorem 
5.1 is {a,} (respectively {ai,an-i}). 

5.B.3. Type D. We assume here that p^ 2. Let F be a 2n-dimensional vector space over F, with n > 3. 
Let P : V X V ^ ¥ he a non-degenerate symmetric bilinear form. We assume here that G = SO{V,(3), 
that G = G/{Idy, — Idy} and that tt : G — > G is the canonical morphism. 

Proposition 5.5. Let § € G be semisimple and let s = 7r(s). 

(a) If s is quasi-isolated, then = 1. 

(b) If s^ = 1, then s is quasi-isolated. Moreover, s is isolated if and only j/dimKer(s — Idy) ^ 
{l,n-l}. 

(c) If s'^ = I and ^ 1, then s is quasi-isolated if and only if dimKer(S — Idy) = dimKer(s + Idy) 
and dimKer(s — Idy) ^ if n is odd. 

Proof - (a) follows immediately from Corollary 2.11 and Proposition 5.5. (b) and (c) follow from direct 
computations. ■ 

If ^ i < n/2, let ii be an element of G such that = 1 and dimKer(fj -|- Idy) = 2i. If 1 ^ i < n/2, 
let Si be an element of G of order 4 such that dimKer(si — Idy) = dimKor(si + Idy) = i. We set 
ti = Tr{ii) and Sj = 7r(si). Finally, there are two conjugacy classes of elements s of order 4 such that 
dimKer(s — Idy) = dimKer(s-l-Idy) = (these two conjugacy classes are in correspondence through the 
non trivial automorphism of the Dynkin diagram of G) : we denote by sq and s'q some representatives of 
these two classes. We set sq = 7r(so) and s'q = 7r(sQ). We set = if n is odd and = {sq, s'q} if n 
is even. 
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Corollary 5.6. The set {to} U {ti \ 2 ^ i ^ 'T-/2} is a set of representatives of isolated elements of G. 
The subset of A associated to ti through the parametrization of Theorem 5.1 is {ai}. 

The set {ti} U {si | 1 ^ i < n/2} U En is a set of representatives of quasi-isolated but non-isolated 
elements ofG. Through the parametrization of Theorem 5.1, ti is associated to {ao^ai}, si is associated 
to {aQ,ai,an-i,an} and Si is associated to {aj,Q!„_,}. Ifn is even, sq and s'q correspond to {ao,an-i} 
and {ao,an} (or conversely). 



Type of G 


A 




1^1 




Oil Oil as Q-n-\ an 

""^^©""''^^ 


< > 


n+1 


Bn 


a\ (IX^a2 "3 Oin-l an 


< 21 > 


2 


Cn 


Q!0 ai a2 OLn-2 OLn-\ 


< Zn> 


2 


Dn 

n even 


"1 (l)-^ "2 as a„-3 an-2 Ja) a.n-i 

^^^C^ 

ao (1/ \l) an 


< Zi > X < Zn> 


4 


Dn 

n odd 


ai a2 a3 a„_3 a„_2 (l) a„_i 

— ® (2> — (DcT 

"0 [JJ \1J an 


< Zn> 


4 




a I a^ a4 a ^ ag 

a2 (2) 

ao (l) 


< Zi > 


3 


Er 


ao ai as a^ as ag ay 

® — (D — (D — @ — @ — (2) — ® 

a2(2) 


< Z7 > 


2 


Es 


«! as a4 as ag ay ag ao 
a2(3) 


1 


1 




ao ai a2 as 0:4 
® ® @^<4) @ 


1 


1 


G2 


ao ai a2 
® @^-<3) 


1 


1 



Table I. Affine Dynkin diagrams 
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G 




p? 


o(sn) 




l^(5n)| 


isolated ? 




{aj(n+i)/d 1 < j < d - 1} 
for d n + 1 






(^(n+l)/d - 1)'' 




iff rf = 1 


R 


{ao} 




1 
± 


R 

-On 


1 
± 


yes 






p ^ Z 


9 
z 


R 


9 
z 


no 






p ^ Z 


9 
z 


Hj V R j 


9 
z 


yes 




{ao} 




1 
± 




1 


yes 




Ini ,\ 1 <" /7 ^ n /9 


p ^ Z 


9 




1 

X 


yes 




J ^ L / IT TO ^^T7"^n 1 


p ^ Z 


9 
z 




9 
z 


yes 






p ^ Z 


9 
z 


/I 


9 
z 


no 




iCtdjan-d/j i §: a < n/z 




/I 


(,-Ddj X An-2d-l 


9 
z 


no 


n 






1 

1 


n 


1 

1 


yes 




z ^ a < n/z 




9 

z 


r) . N/ n 

JJ4 X l>'„_d 


9 

z 


yes 




J r\i /^L /1T'>^ lo t£\y\ i 


p f= Z 


/I 


^n/2 


4: 


yes 




{ad,an-d}, 2 ^ d < n/2 




4 


(Dd)2 X A„_2d-i 


4 


no 




{ao,Q!i,a„_i,a„} 


p^2 


4 




4 


no 




{ao,Q;i} 


p^2 


2 


-D„-i 


2 


no 




{aO)Cin-i} (if is even) 


p^2 


2 


^n-l 


2 


no 




{no - n,,} (if II is cA'dO 




2 




2 


110 



Table II. Quasi-isolated elements in adjoint classical groups 
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G 


fl 


p? 


o(sa) 






isolated ? 


Eq 


{ao} 




1 




1 


yes 




{a2} 


p^2 


2 


A X Ax 


1 


yes 




{0:4} 


p^'i 


3 




3 


yes 




{ao,ai,a6} 




3 




3 


no 




{a2,as,a5} 


p^{2,3} 


6 


Aix Aix Aix Ai 


3 


no 




{ao} 




1 


Er 


1 


yes 




{ai} 


p^2 


2 


Ai X Dq 


1 


yes 




{"2} 


p+2 


2 


Ar 


2 


yes 




{as} 




3 


A2 X A5 


1 


yes 




{ai} 




4 


A3 X A3 X Ai 


2 


yes 




{ao,a7} 




2 


E% 


2 


no 




{ai, ag} 




4 


£>4 X Ai X A\ 


2 


no 




{as, 0:5} 


P^{2,3} 


6 


A2 X A2 X A2 


2 


no 



Table III. Quasi-isolated elements in adjoint groups of type Eq and E^ 
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